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Abstract

The influence of boundary conditions relaxation on two-dimensional panel flutter is studied in the presence of in-plane
loading. The boundary value problem of the panel involves time-dependent boundary conditions that are converted into
autonomous form using a special coordinate transformation. Galerkin’s method is used to discretize the panel partial
differential equation of motion into six nonlinear ordinary differential equations. The influence of boundary conditions
relaxation on the panel modal frequencies and LCO amplitudes in the time and frequency domains is examined using the
windowed short time Fourier transform and wavelet transform. The relaxation and system nonlinearity are found to have
opposite effects on the time evolution of the panel frequency. Depending on the system damping and dynamic pressure,
the panel frequency can increase or decrease with time as the boundary conditions approach the state of simple supports.
Bifurcation diagrams are generated by taking the relaxation parameter, dynamic pressure, and in-plane load as control
parameters. The corresponding largest Lyapunov exponent is also determined. They reveal complex dynamic
characteristics of the panel, including regions of periodic, quasi-periodic, and chaotic motions.
© 2005 Elsevier Ltd. All rights reserved.

1. Introduction

It has been observed that apparently identical aircraft can exhibit different dynamic characteristics under the same
flight conditions. This difference owes its origin to the stochastic nature of structural properties and the environment.
That is, the sensitivity of the dynamic system behavior is directly linked to variations in its physical properties. The
physical properties of aeroelastic structures are affected by boundary conditions relaxation and joint uncertainties.
Generally, the main sources of uncertainties of aerospace structures include:

(1) randomness in material properties due to variations in material composition;

(ii) randomness in structural dimensions due to manufacturing variations and thermal effects;
(iii) randomness in boundary conditions due to preload and relaxation variations in mechanical joints;
(iv) randomness of external excitations.
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The present work deals with the third source and its mechanisms. There are many factors that affect mechanical
joints and fasteners, such as friction, hardness, finish, and dimensions of all parts, and gasket creep (Bickford, 1990).
Each factor will vary from fastener to fastener and joint to joint because of manufacturing or usage tolerances. A
fastener subjected to vibration will not lose all pre-loads immediately. First there is a slow loss of pre-load caused by
various relaxation mechanisms. Vibration increases relaxation through consequent wear and hammering. After
sufficient pre-load is lost, friction forces drop below a critical level and, if the joint is bolted, the nut actually starts to
back off and shake loose. As relaxation occurs, the joint fails to mimic ideal boundary conditions; instead, the joint’s
properties become time dependent and uncertain.

The present work is motivated by some recent results on the sensitivity and variability of the response of structural
stochasticity [see, for example, Ibrahim (1987) and Manohar and Ibrahim (1999)] and by the recent assessment of joint
uncertainties by Ibrahim and Pettit (2004). These problems are complex in nature because every joint involves different
sources of uncertainty and nonsmooth nonlinear characteristics. For example, the contact forces are not ideally plane
because of manufacturing tolerances. Furthermore, the initial forces will be redistributed nonuniformly in the presence
of lateral loads. This is in addition to the prying load, which induces nonlinear tension in the bolt and nonlinear
compression in the joint. The main problems encountered in the design analysis of bolted joints with parameter
uncertainties include random eigenvalues, response statistics, and probability of failure.

The effect of uncertainty in the boundary conditions combined with the variability of material properties on the
nonlinear panel aeroelastic response was studied by Lindsley et al. (2002a, b). It was shown that the flutter problem of
aeroelastic structures could be handled when random uncertainties are introduced in the structural model. The pinned
and fixed boundary conditions were modelled as limiting cases of rotational springs on the boundary, which possess
zero and infinite stiffness, respectively. Accordingly, rotational spring stiffness was used to parameterize the boundary
conditions. Parametric uncertainty was examined by modelling variability in Young’s modulus and the boundary
condition parameter. The variability in the boundary conditions was restricted to a single value along the plate
boundary edges for each realization. For values of the dynamic pressure in the deterministic limit cycle oscillation
(LCO) range, the variability in the boundary conditions affects the plate deflection in an essentially linear manner.
However, for values of dynamic pressure in the neighborhood of the bifurcation point, the relationship is nonlinear.
Variation in boundary conditions results in a softening effect of the clamped panel, and thus induces an increase in the
amplitude of plate oscillations.

Structural and material uncertainties were also considered in studying the flutter of panels and shells by Liaw and
Yang (1991a, b) and Kuttenkeuler and Ringertz (1998). For example, Liaw and Yang (1991a, b) quantified the effect of
parameter uncertainties on the reduction of the structural reliability and stability boundaries of initially compressed
laminated plates and shells. For buckling analysis, the uncertainties include modulus of elasticity, thickness, and fiber
orientation of individual lamina, as well as geometric imperfections. For flutter analysis, further uncertainties such as
mass density, air density, and in-plane load were also considered. Kuttenkeuler and Ringertz (1998) performed an
optimization study of the onset of flutter, with respect to material and structural uncertainties, both experimentally and
numerically, using finite element analysis and the doublet-lattice method.

A ground vibration test was used by Potter and Lind (2001) to obtain uncertainty models, such as natural frequencies
and their associated variations, which can update analytical models for the purpose of predicting robust flutter speeds.
Different norm approaches were used to formulate uncertainty models that cover the entire range of observed
variations. It was found that the oo-norm produces the smallest uncertainty and the least conservative robust flutter
speed. Lind and Brenner (2000) introduced a tool referred to as the “flutterometer” for predicting the onset of flutter
during a flight test. The flutterometer computes a flutter for an analytical model with respect to an uncertainty
description. Brenner (2002a) considered a technique that identifies model parameters and their associated variances
from flight data. Later Prazenica et al. (2003) introduced a technique for estimating uncertainty descriptions based on a
wavelet approach, but relies on the Volterra kernels.

The studies of panel flutter were concentrated on parametric analysis of stability boundaries and the amplitude of
LCO under different boundary conditions. At the same time, it was shown that a panel subjected to a combination of
airflow and in-plane loading experiences a complex range of motions, including static buckling (divergence), quasi-
periodic motion, and chaos in addition to LCO. Dowell (1982) showed that a panel under the combined effect of fluid
flow and in-plane compression exhibits chaotic motion for certain values of some control parameters. Dowell (1984)
observed chaos, via period doubling and intermittency while increasing the compressive in-plane loading. The existence
of multiple attractors and the coexistence of both symmetric and asymmetric LCO were observed by Bolotin et al.
(1998) using a two degree-of-freedom approximation of an elastic panel. They studied the transition between different
stability regions. The stability regions of a simply supported two-dimensional panel subjected to compressive loading
were revisited recently by Epureanu et al. (2004). They used bifurcation diagrams for two control parameters to
determine stability boundaries and Lyapunov exponents. The effect of damping on stability boundaries as well as on
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LCO was considered by Kuo et al. (1972), Bismarck-Nasr and Bones (2000), Bolotin et al. (2002), Pourtakdoust
and Fazelzadeh (2003). Kuo et al. (1972) showed that the edge compression and viscous structural damping would
result in an increase of flutter amplitudes while the aerodynamic damping would cause a reduction in the flutter
amplitude.

Relaxation effects cause time-dependent boundary conditions and depend on the level of structural vibration. In
other words, there are uncertainties in the boundary conditions in addition to a random field due to system parameter
uncertainties. In this case, aeroelastic structures will experience nonstationary time—frequency flutter, which is analyzed
using time—frequency transforms such as spectrographs and wavelet transform. The time—frequency analysis techniques
have recently been used to analyze flight flutter data by Brenner (1997), Johnson et al. (2002), Staszewski and Cooper
(2002), and Yu et al. (2004). Brenner (1997) used time—frequency signal representations to analyze aeroelastic flight
data. Mastroddi and Bettoli (1999) conducted wavelet analysis in the neighborhood of a Hopf bifurcation to capture
the features of transient responses. In the neighborhood of aeroelastic flutter during flight tests, the time scale
decompositions of continuous wavelet transform was used to analyze pre- and post-critical transient behavior of
nonlinear aeroelastic structures. Brenner (2002b) applied the singular-value decomposition to aeroelastic pitch-plunge
wing section models to detect instability and nonlinear dynamics from the time-frequency map.

The present work deals with the nonlinear panel flutter with relaxation in boundary conditions. The conventional
boundary value problem of the panel involves time-dependent boundary conditions, which are converted to an
autonomous form using a special coordinate transformation inspired by the work of Qiao et al. (2000). The present
analysis extends the analysis of Ibrahim et al. (2004) to include six-mode interaction in the presence of boundary
condition relaxation. The dynamic characteristics of the panel and the influence of initial conditions are predicted using
phase plots, FFT plots, bifurcation diagrams of the first return, short time Fourier transform, wavelet transform, and
Lyapunov exponent.

2. Analytical modelling

Consider a two-dimensional panel exposed to supersonic flow as shown in Fig. 1. In order to estimate the work done
by aerodynamic loading, the pressure on the panel is represented by the linear piston theory (Ashley and Zartarian,
1956),

M

U? ow 1 ow
Ap=p—po =" “{ }

M |ox ' Us 0t
where w(x,?) is the panel deflection, which is a function of position, x, and time, t. M = Uy /ao is the Mach number,
U, is the undisturbed gas flow speed, doo = \/7P0s0/ P 1S the speed of sound, p., and p,, are the undisturbed free gas
stream pressure and density, respectively. p is the pressure of the gas flow at the panel surface, y = C,/C, is the ratio of
specific heats at constant pressure, C,, and volume, C,.
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Fig. 1. Schematic diagram of a two-dimensional panel with boundary conditions relaxation.
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The governing nonlinear equation of motion for the panel is developed using Hamilton’s principle, which yields
(Ibrahim et al., 1990)

2 4
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where m,, is the panel mass per unit area, a is the panel length, E is Young’s modulus, / is the plate thickness,
D = ER*/[12(1 —v?)] is the panel stiffness, v is Poisson’s ratio, Ap, is the gas pressure difference across the panel, Ny is
the external in-plane load per unit span-wise length, and c is a linear viscous damping coefficient. Eq. (2) is subject to the
boundary conditions

2
p&OD L 2 OD o 0.0 =o. (3a,b)
ox2 ox
®w(a, t) ow(a, 1)
D 2 ~+ aa(?) ™ 0, w(a,t)=0, (3c,d)

where o(¢) and o,(f) measure the end slopes and represent torsional stiffness parameters such that if o () = o»(¢) = oo
the panel is purely clamped-clamped. On the other hand, the panel is simply supported if o;(f) = () = 0. In real
situations, o;(7) and o»(¢) do not assume these limiting cases; instead, they are very large for clamped supports or very
small for simple supports. In the dynamic case the boundary conditions (3a,c) are nonautonomous. In order to convert
these conditions into an autonomous form, we introduce the following transformation of the response coordinate:

w(x, 1) = Rg)z + 2g,(z1, zz)g + go(z1, 22) | u(x, t) = @(x; z1, z2)u(x, 1), 4)

where the dimensionless parameter z;(f) = D/ao(t), i = 1,2, represents the ratio of the bending rigidity to the torsional
stiffness of the joints. One may also adopt other alternative of using the original boundary conditions (3) in a
Rayleigh—Ritz formulation of w(x,?) in terms of sine modes. In transformation (4), the functions g,(z1,2,) and g»(zy,22)
are chosen to render the boundary conditions autonomous for the new coordinate u(x,?). Possible expressions of these
functions are

1 +422 221(1 +422)
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In this case, boundary conditions (3) become
%u(0,1)  ula, 1)
2 - el 0 and u(0,7) = u(a,t) =0. (6)
Introducing the following nondimensional parameters
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The relaxation process is phenomenologically modelled based on experimental results (Bickford, 1990). In this case, The
torsional stiffness parameters are assumed functions of the number of vibration cycles, n = n(z),
awi(n) 1

D " zi(n)’

ai(n) = @®)
where the overbar denotes a dimensionless parameter. An explicit analytical expression for the parameters &;(n) can
be obtained from experimental records (Bickford, 1990), which reveal a slow drop between an original and
an asymptotic value of the joint stiffness. An appropriate elementary function that emulates this behavior may be
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selected in the form
1 + tanh[—k(n — n.)]

) = 8(00) + [#(0) = H(oo)) | === T

; )

where the subscript i has been dropped, and 7. is a critical number of cycles, indicating the location of the inflection

point with respect to the origin, n = 0. The parameter k is associated with the slope of the curve at the point, n = n.. The

parameters ¢(0) and &(oo) are obtained from the experimental curve. The slope parameter k can be found by taking the
derivative of Eq. (9) with respect to n, i.e.,

o= HD/O_ 10

= Gitoo) = oyl + nhllndl (10)

One can write an expression for z(t) by using relations (8) and (10) in the form
1 + tanh(—y(r — 7.)) !

2(1) = ZoZoo | Zo — (Zo — Zoo) I+ tanh(yz,)

, (11)

where Zy = z(0), Zoo = z(00), y = (w)/2nk, and (w) is the mean value of the response frequency, which can be taken as
the center frequency. The phenomenological representation given by Eq. (11) can be used for any initial preload and
will cause the panel to experience nonstationary behavior.

Galerkin’s method is applied by substituting the general solution #(X, 1) = Z,]:/:l‘}'n()?)qn(r) into Eq. (7), where ¢,(t)
are unknown functions to be determined (generalized coordinates), '¥,,(X) are the assumed orthonormal mode shapes,
and N is the total number of the basis functions for (X, 7). Multiplying both sides by the corresponding weighting

functions (%, 1) = Zfl\[:l‘l-’,,(i)cjn(r), where §,(7) are arbitrary functions of time, and integrating both sides with respect

to X, the resulting discretized equations are obtained by setting the coefficients of each arbitrary function §,() to zero.
The resulting ordinary differential equations may be written in the form
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n=1

n=1

where a dot denotes differentiation with respect to the nondimensional time parameter 7, a prime denotes
differentiation with respect to the nondimensional spatial coordinate %,

1
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0
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The general solution is assumed in the form

N
a(%,1) =Y  q,(v)sinnns, (13)
n=1
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where N is the total number of modes, ¢,(t) are the generalized coordinates. It has been established that accurate
solution of the panel flutter can be achieved by using at least six modes [see, e.g., Dowell (1966)]. The inclusion of six
modes results in more tedious analysis and for this reason we introduce the simplification, z; = z; = z/2, which makes
the boundary stiffness values to be equal, and gives g; = —1/2 and g, = —z. The resulting set of six equations may be
written in matrix form

6
M@Nd} + [CQC 4 DN + K@, No, Dl{a) = DOKET + Y Y {e(a,q)}
i=1,3,5j=1,#i
i#j#k

+Y >0 ) {fOqgal + (PO}, (14)
i J k

where [M(7)] is time-dependent mass matrix, [C({, z, 4,7)] is the damping matrix, which depends on the viscous
damping ratio {, mass parameter, 2, and relaxation parameter, z(t). [K(t, No, A)] is the stiffness matrix, [D(7)] is the
coefficient matrix of cubic terms, and {P(z)} is the pressure vector, whose elements are nonzero only for odd modes. The
structure of these matrices is given in the appendix. The complete set of expressions for all coefficients of the matrices
and vectors of Eq. (14) is documented in Beloiu (2005).

Egs. (14) are solved numerically in the time domain for a typical relaxation curve. The resulting solution is given in
terms of the transformed response, i@, or rather in terms of its modal coordinates, ¢;, i = 1,...,6. One should estimate
the modal response in terms of its physical generalized coordinate,

N
WET) =Y §,(r)sin g = G(R)i(X, 7), (15)
n=1

where ¢ = [ + 2¢,(z1, 22)% + ¢5(z1, 22)] and g; are given by Eq. (5). The relationship between the physical coordinates
¢,(7) and the generalized transformed coordinates ¢,(t) is

N N
WET) =D §,(0)sin nug = [F +2¢,(2)% + g2(2)] > _ ¢,(t)sin nn. (16)

n=1 n=1

Multiplying both sides of Eq. (16) by sin mn¥, m = 1,2,...,6, and integrating both sides

I[N |
/ Z@n(r) sin nux sin mux | dx = /
0 0

N
(& +29,(2)% + 95(2)) Z ¢,(7) sin nnX sin mnx| dx

n=1 n=1

gives the desired relation between the coordinates:

g Ty Ty Tis q 4> Ty Ty Ty 75
Gs y=|Ts1 Tz Tss|{qsy and { Qs p = |Tar Tas Tas|{ 94 3, (17)
gs Tsy Ts3 Tss qs 4o Tex Tes Tes ds
where
34+ 7%(1 + 62) 3 4 4n%(1 + 62) 1+ 37%(1 + 62)
Th=-"—F5—, Ton=———F15—", Tu=——"""05—"",
67 24n 187
T 3+ 167%(1 + 62) _ 3+ 257%(1 + 62) _— 1+ 127%(1 + 62)
= 9672 » BT 15072 o e 7212 :
3 5 4
13 =g 15 s1=253 T 2=g3
3 15 12
Tow =T =—= T35 =T33 =——= T =Tes = ——. 18
26 =37 T3 $=3570 T4 64 =5 (18)

The next section presents the stability analysis and response characteristics under different values of dynamic pressure
and relaxation parameter.
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3. Linear analysis

The stability analysis is carried out by estimating the natural frequencies of the six modes in the absence of system
nonlinearities and by setting the nonhomogeneous term in Egs. (14) to zero. The dependence of the real and imaginary
components of the eigenvalues on the dynamic pressure in shown in Figs. 2(a) and (b) for three different values of the
relaxation parameter (z = 0.001, 0.1, and 1), damping parameter, { = 0.0, mass parameter Zf = 0.1, and static axial load
parameter No = 0. It is seen that the real parts are zero up to a critical value of the dynamic pressure, depending on the
value of the relaxation parameter, z, above which one becomes negative and the other positive indicating the occurrence
of panel instability (flutter). Note that the value z = 0.0 corresponds to a clamped—clamped panel, while z = oo
corresponds to simple supports. The dependence of the components of the first and second eigenvalues on the
relaxation parameter, z, is shown in Fig. 3 for three different values of dynamic pressure, 4 = 400, 450, and 500. It has
seen that the eigenvalues posses negative real parts up to a critical value of relaxation parameter, above which one
eigenvalue has a positive real part indicating the occurrence of flutter.

Figs. 4 and 5 show the boundaries of panel further in terms of the critical value of aerodynamic pressure, /.., and the
relaxation parameter, z. These figures depict the influence of the in-plane load, Ny, and damping ratio, {, respectively.
As expected, the compression in-plane loading results in a reduction of the critical flutter speed. The clamped panel
(z< 1) requires more in-plane compression load to reach in flutter speed. With reference to Fig. 5, for all values of
relaxation parameter, the damping is nonbeneficial as it increases from very small values up to a critical value, above
which it becomes beneficial, depending on the value of the relaxation parameter. Fig. 6 shows the dependence of flutter
speed on the damping parameter, {. For a given relaxation parameter, there is a critical damping ratio, (.., above which
the damping becomes beneficial and the critical speed increases with the damping. The value of {,, is shown by a small
circle on each curve and is determined by setting d4/d{ = 0. The locus of these points is shown by the dash—dotted

400
mode 1-2
so0f N A ' 300 -
LE0 - d o
3 3 200 . .
150 [
-50
100
-100}f /e 50
mode 5-6 -
0 1000 2000 3000 4000 5000 6000 1000 2000 3000 4000 5000 6000
(a) A (®) A
Fig. 2. Dependence of real and imaginary parts of the panel natural frequency on dynamic pressure for { = 0, £{=0.1,N,=0: (a) real
parts; (b) imaginary parts. —,z = 0.001; ...... ,z2=0.1; eeeeee =1,
7.5 [— A 65
A=500 e
A=450 _ -,
2.5 7,1_40‘0 55
50
g 0 .
3 2.5 3
-5 )
-7.5
-10 T
0 0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1
(a) z (b) z

Fig. 3. Dependence of real and imaginary parts of the first and second natural frequencies on relaxation parameter z for { = 0, 2 =0.1,
Ny = 0: (a) real parts; (b) imaginary parts. —, 2 = 400, ..., A =450, e+ s, 1 = 500.
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Fig. 4. Boundaries of panel flutter on the plane for different values of in-plane load and for £=0.1, {=0.0001.
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Fig. 5. Boundaries of panel flutter for different values of damping factor showing the reversal effect of damping for t=0.1,N,=0.

curve. This curve separates two regions such that {<{.. the damping is detrimental and results in a reduction of the
flutter speed, i.e., 4., decreases with damping until damping reaches the critical value (.. As {> (., the damping results

in a monotonic increase of A.,.

4. Nonlinear analysis

4.1. Bifurcation analysis

The complete set of Eqgs. (14) is solved numerically using the MATLAB® variable solver odel5 with relative error
tolerance of 107 and absolute error tolerance of 10~°. The numerical solution is carried out for a given damping
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Fig. 6. Boundaries of panel flutter on the A — { plane for different values of relaxation parameter, z, and for Ny = 0.0; Z = 0.1. Dashed
curve indicates the critical damping ratio that separate between stabilizing and destabilizing damping effects.
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Fig. 7. Bifurcation diagram showing the regions of different panel regimes for damping parameter { = 0.0001 and different values of
relaxation parameter. (I) Statically stable, (II) static buckling (divergence), (III) LCO, and (IV) multi-period oscillations and chaos.

parameter, {, and for different values of in-plane load, Ny, dynamic pressure, /, and relaxation parameter, z. In order to
avoid the influence of transient motion, only the last portion of the steady—state time history is taken to estimate the
state of the panel. Depending on the system parameters and dynamic pressure the panel may exhibit different regimes
such as (I) statically stable, (II) static buckling (divergence), (III) limit cycle oscillations, and (IV) multi-period
oscillations and chaos. Fig. 7 shows these four regimes on the plane of dynamic pressure, A, versus in-plane load,
—Ny /=, for three different values of relaxation parameter z = 0.001, 0.1, and 1, in addition to the case of simply
supported panel. The two values of in-plane loads —No/m =1 and 4 represent the Euler buckling loads of simply
supported and clamped panels, respectively. It is seen that as the relaxation parameter increases (panel approaches
simply supported case) the regions (III) of LCO and (IV) multi-period oscillations/chaos expand. The dynamics of the
panels along lines A and B shown in Fig. 7 will be examined later.

Fig. 8 shows the dependence of LCO amplitude on dynamic pressure for zero in-plane loading and different discrete
values of the relaxation parameter z. Note that, depending on the value of the relaxation parameter, there is a critical
value of dynamic pressure at which LCO begins in the form of supercritical bifurcation. The relaxation results in
moving the bifurcation point to lower values of dynamic pressure. Under compression in-plane loading, Ny = —37°
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and under low values of dynamic pressure the panel experiences static buckling as shown in Fig. 9. As the dynamic
pressure increases the panel enters a stable state until the dynamic pressure reaches the critical value, /.., above which
the panel exhibits LCO. A three-dimensional diagram demonstrating the time evolution of LCO amplitude and their
dependence on the dynamic pressure is shown in Fig. 10 for zero in-plane loading and same parameters as in the
previous figures.

Under the relaxation curve shown in Fig. 11(a), the time history record of the total deflection at x/a = 0.75 is shown
in Fig. 11(b) for in-plane compression loading, Nog = —5.87%, and dynamic pressure, 4 = 200. Over the whole time
domain, the panel experiences two different regimes of oscillations, namely the growing amplitude LCO, and chaotic
oscillations. Fig. 12 shows the time history records of the panel deflection for two-, four-, and six-mode interactions.
The purpose of this figure is to show that six-mode expansion provides satisfactory convergence. It is seen that two-
mode expansion provides over estimate of the panel deflection. The difference between four and six mode expansion is
very small and this supports the early claim of six-mode convergence (Dowell, 1982) for the equations of motion with
constant coefficients.

Chaotic flutter is usually detected by estimating the largest value of the Lyapunov exponent. Lyapunov exponent
measures the rate at which nearby trajectories converge or diverge, and are numerically calculated using the algorithm
of Wolf et al. (1985). Egs. (14) may be rewritten in terms of a set of first-order differential equations in the form

x = f(x:0), (19)
where x = {q,4}7 is the state-space vector, where T denotes transpose and f describes the nonlinear behavior of the
system. Let x*(¢; x¢) be the reference solution of system (19), where x; is the vector of initial conditions. In order to find
the variation of trajectories in the neighborhood of the reference trajectory x*(¢), at each time step #; we introduce the
corresponding linearized equation

¥ = F(x*(to)y, (20)
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Fig. 8. Bifurcation diagram for different values of relaxation parameter for { = 0.0001, Z’, =0.1, 5y =0, and Ny = 0.
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Fig. 9. Bifurcation diagram for different values of relaxation parameter for { = 0.0001, 2 =0.1, py =0, and Ny = —37%.
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where F(x*(t;)) is the n x n Jacobian matrix of the function f evaluated at the reference solution x*(#;). The jth
Lyapunov exponent can be obtained as an average increment of variation vector y;(¢) during the test time Az
, 1 & A1 1
. MEAGRI o
KA1 & 1y, 0: 10
where || - || denotes vector norm and K is the number of integrations of Egs. (19) and (20) over successive time intervals
At. In the present study, Lyapunov exponents are estimated using a nondimensional time increment At = 0.0001. The
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Fig. 13. Bifurcation diagram and the corresponding largest Lyapunov exponent for 5, =0, Nog = —5.87%, { = 0.0001, Z = 0.1, and
2= 200.

computation starts after 1 = 100 and continues up to t = 1000. Fig. 13 shows some regions of relaxation parameter
over which the Lyapunov exponent is positive implying the existence of chaotic flutter. Note that extreme positive
values of Lyapunov exponent are found for period-n flutter regimes.

The bifurcation diagram shown in Fig. 13 is obtained by plotting the first return points of the panel amplitude for in-
plane load parameter Ny = —5.8n, damping factor { = 0.0001, static pressure j, = 0, mass ratio parameter =01,
and dynamic pressure A = 200. The relaxation parameter varies between z = 0.0025 and z = 1 with an increment of
Az = 0.0025. It is seen that for relatively small values of relaxation parameter, z<0.105, the panel experiences
symmetric LCO with increasing amplitude as the relaxation parameter increases from the absolute clamped case, z = 0.
The figure may be classified into the following regimes:

0.001<2z<0.0925 period-one, symmetric

0.0925<2z<0.1025 period-one, asymmetric

0.1025<z<0.1700 Chaos

0.1700 <z<0.1850 period-two, mixture of symmetric and asymmetric



0.1850<2z<0.2625
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period-one, symmetric

z =10.2650 period-five, symmetric

0.2650 <z<0.2850
0.2850<2z<0.3775

period-one, symmetric
period-one, two, and three, symmetric and asymmetric

z=10.3800 period-eight, symmetric

0.3800<2<0.3925

period-one and two, symmetric

z=10.3950 period-seven, symmetric

0.3950<2<0.4025

period-one, symmetric

z=0.4050 period-four, symmetric

0.4050<z<0.4825
0.4825<2<0.4950
0.4950<z<0.5075
0.5075<2z<0.6700
0.6700<2z<0.7275
0.7275<2<0.7325
0.7325<2z<0.7375
0.7375<2<0.8925

period-one, asymmetric and asymmetric

Chaos

period-doubling, asymmetric

Chaos

period-four and seven, symmetric and asymmetric
Chaos

period-six, asymmetric

Chaos

0.8925<z<1 period-three, symmetric.
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For selected values of relaxation parameter, the phase plots are shown in Fig. 14. The corresponding FFT plots are

shown in Fig. 15 and reveal n spikes for those period-n regimes and continuous spectrum for the chaotic motion.

Fig. 16 shows the bifurcation diagram and the corresponding Lyapunov exponent for 4 = 250 and Ny = —67%. The
switching from symmetric to asymmetric LCO is more visible over the region 0.15<z<0.37. After a window of
symmetric LCO, the motion becomes chaotic (z>0.6325) with the increasing of Lyapunov exponent as the relaxation

(@

w/h (b w/h ® w/h

Fig. 14. Phase plots for {=0.0001, p, =0, Z“ =0.1, No=—58n% and A=200 corresponding to Fig. 13 for: (a) z = 0.05;
(b) z=10.1375; (c) z = 0.265; (d) z = 0.38; (e) z = 0.4075; (f) z = 0.5025; (g) z=0.71; (h) z=0.8; () z = 1.
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Fig. 15. FFT plots for {=0.0001, g, =0, {=0.1, Ng = —5.872, and /=200 corresponding to Fig.
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parameter increases. Switching between symmetric and asymmetric LCO, together with cascades of quasi-periodic
motion, and chaotic flutter with windows of periodicity make the panel behavior very complex.

Figs. 13 and 16 reveal only a partial view of the route to chaotic flutter during relaxation. To have a global picture
over the parametric space of dynamic pressure and relaxation parameter for given values of in-plane load and
relaxation parameter, the boundaries of chaotic flutter are shown in Fig. 17 for two values of Ny and two values of (.
The dynamic pressure varies from A = 100 to 300 with a step size A1 = 5, and relaxation parameter varies from z = 0 to
z =1 with step size Az =0.05 so that each map is represented by 41 x 22 = 902 points. Lyapunov exponent is
computed for each set of parameters. A positive Lyapunov exponent indicates chaotic flutter, which is labeled by a
black dot. If all exponents are negative, the panel equilibrium position is stable. If the largest Lyapunov exponent is
zero the panel experiences a stable limit cycle. Both negative and zero Lyapunov exponents are labeled by a blank space.
Fig. 17(a) shows chaos boundaries for Ny = —6n> and small damping ratio, { = 0.0001. The motion is regular for
z<0.1. The relaxation process increases the chaos occurrence but not monotonically; instead, a complex pattern is
observed. A higher in-plane load enlarges the chaos boundaries as shown in Fig. 17(c); however, the switching
of windows with regular and chaotic motions is still visible. By maintaining the same in-plane load and increasing
the damping ratio to { = 0.001, the chaos boundaries are reduced considerably, especially for lower z, as shown in
Figs. 17(b) and (d).

With reference to the path line A at Ny = —6n> shown in Fig. 7, we consider the panel dynamic behavior in terms of
the bifurcation diagram and Lyapunov exponent, shown in Fig. 18 for relaxation parameter z = 1. The aerodynamic
pressure, 4, is taken as the control parameter. A similar analysis is found in Epureanu et al. (2004) for a simply
supported panel without structural damping. The dynamic pressure varies between 4 = 100 and A = 300 with a step
increment of AL = 0.25. The bifurcation diagram begins with the buckled state of the panel up to 4 = 109. The chaotic
motion over the region 109.5<1<152.5 is followed by a region of multi-period oscillations up to 2 = 173. Another
window with chaotic motion is found over the range 173 <4<192, followed by a wide window with period three
motion. Increasing the aerodynamic pressure, the motion is chaotic but the chaos intensity decreases as suggested by the
decreasing value of Lyapunov exponent. For 1>288, the panel experiences LCO with increasing amplitude. Fig. 19
depicts the bifurcation diagram and corresponding Lyapunov exponent for the same path A, but with relaxation
parameter z = 0.1. As a distinct feature, it is observed that the motion is more sensitive to the change of control
parameter over the dynamic pressure range 120.5<A<156. With the reference to the corresponding Lyapunov
exponent, the panel motion exhibits a cascade of alternating chaotic and periodic oscillations. The character of the
motion is changed abruptly over a small increment of 1.
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wl o e it
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Fig. 17. Chaos boundaries for z=1, { = 0.1, p, =0: (a) Ny =—6n%, {=0.0001; (b) Ny =—6n2, {=0.001; (c) No=—6.872,
{=10.0001; (d) Ny = —6.872, { = 0.001.
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Fig. 18. Bifurcation diagram of the first return and largest Lyapunov exponent along the path line A of Fig. 7, for { = 0.0001, 5, = 0,
{=0.1, Ng=—6r and z = 1.
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Fig. 19. Bifurcation diagram of the first return and largest Lyapunov exponent along the path line A of Fig. 7 for { = 0.0001, g =0,
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D.M. Beloiu et al. | Journal of Fluids and Structures 21 (2005) 743-767 759

=
g

2 _
S
g 1t .
2 A
=0

-1 1 L 1 L L 1 L

3 3.5 4 45 5 55 6 6.5 7

N,/ x*
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A=140, and z = 1.

With reference to the path line B at 4 = 140 of Fig. 7, we consider the dynamic behavior of the panel by varying the
in-plane load Ny. The bifurcation diagram illustrated in Fig. 20 is determined for relaxation parameter, z = 1. It is seen
that the panel is stable for small in-plane load up to Ny = 3.3, above which it experiences LCO over the range
3.3<Ny<3.45. At Ny =3.45 the panel experiences secondary bifurcation with symmetric period-3 oscillations.
Increasing the in-plane load, the motion switches between asymmetric and symmetric multi-harmonic oscillations.
Further increase of the in-plane loading results in a chaotic motion with three windows of periodicity:
422<Ny<4.39, 4.77<Ny<4.96, and 5.5<Ny<5.87.

For the same set of parameters, the response may be different depending on initial conditions. This is true not only
for the chaotic motion but also for the periodic oscillations. Fig. 21 shows phase portraits for four different sets of
parameters. Each phase portrait is drawn for two different initial conditions (1) ¢,(t =0) =0.1, ¢;(t =0) =0,
i=2,...,6,4;,=0,i=1,...,6,and 2) ¢;(r=0)= 1,49t =0)=0,i=2,...,6,4,=0, i =1,...,6, respectively. One
can observe from Figs. 21(a) and (b) that multi-periodic oscillations corresponding to initial condition set (1) and
becomes a period-3 oscillation in the case of initial condition set (2). In both cases, the response is symmetric. For other
sets of parameters two asymmetric solutions coexist as shown in Figs. 21(c) and (d). The panel response follows one of
these solutions, depending on the initial condition. The coexistence of symmetric and asymmetric LCO is better
observed in the bifurcation diagram shown in Fig. 22 for Ny = —6n?, and z = 0.1. The response is asymmetric over the
range 233 <1<237.5 depending on the initial conditions; after that, the response becomes symmetric, independent of
the initial conditions.

4.2. Time—frequency analysis

The ultimate decision on whether the motion is chaotic or not is given by the existence of a positive Lyapunov
exponent. However, the Lyapunov exponent is characterized by a slow convergence and requires long time simulations
and large computation resources. Time limitations may be critical, especially when experimental data is available for a
limited time history record. Therefore, at least for preliminary investigations, the information from the bifurcation
diagram, phase plot and power spectrum is generally sufficient. The relaxation of the boundary conditions results in
time variation of the panel natural frequencies, and thus, the flutter becomes nonstationary. The Fourier transform
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Fig. 22. Section of bifurcation diagram of the first return for {=0.0001, g, =0, Z“: 0.1, Ny = —6n%, and z=0.1 for initial
conditions: (1) ¢;(t=0)=0.1, ¢g(r=0)=0,i=2,...,6, ¢;,=0,i=1,...,6, and (2) ¢;(r=0)=1, ¢i(r=0)=0,i=2,...,6,
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does not reveal the time dependency of the frequency of panel oscillations. The present work will adopt two techniques
usually used for nonstationary signal analysis. These are the windowed Fourier transform, known as the spectrogram,
originally developed by Gabor (1946) and the Morlet wavelet transform. Note that both transforms have
time—frequency resolution limitations for the determination of the instantaneous frequencies. The windowed Fourier
transform relies on the selected length of the window. Any special features occurring during short time-scales smaller
than the length of the window, or with smaller frequencies than those contained in the window, are lost and cannot be
captured by the windowed Fourier transform. On the other hand, the wavelet transform has the advantage in that it



D.M. Beloiu et al. | Journal of Fluids and Structures 21 (2005) 743-767 761

follows the rapid variations of the instantaneous frequencies since it adjusts the length of the window according to the
frequency content of the signal.

For the case of the short time Fourier transform, real and symmetric window ¢(f) = g(—1) is translated by t and
modulated by the frequency ww,

Jow) =gt =), gl =1 and gl =1. (22)
The windowed Fourier transform, known also as the short—time Fourier transform, of the panel deflection ¢,(¢) is
00 .
Sw(t,w) = / w(g(t — t)e "™ dt. (23)
—o0

In the present work, the Kaiser window function is used. It has the following form:

m@l—wnﬁ
g(H) = B lt|<T, 24)

0 otherwise,

where [, is the modified Bessel function of order zero and of first kind, f§ is a parameter that governs the shape of the
window, and 7 is the signal total time. The spectrogram measures the energy density of the flutter deflection w in the
time—frequency neighborhood of (z,w) given by

00 2
Poiv(z, @) = |SW(z, @) = ‘ / Ww()g(t — )™= dt| . (25)

Figs. 23(a) and (b) show two cases of the FFT plots and spectrograms of the panel total deflection time history
records for (a) 2 = 700, and { = 0.0001, and (b) 4 = 700, and { = 0.02, respectively. For low damping, Fig. 23(a) shows
that the panel frequency decreases with time as the panel boundary conditions approach the case of simple supports. On
the other hand, as the damping increases, the panel frequency increases with time. There are two factors competing with
each other, namely, the structural geometric nonlinearity and the relaxation in the boundary conditions. By increasing
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Fig. 23. FFT plots and spectrograms for j, = 0, Ng = 0, 8 =0.1. (a) 1 =700, { = 0.0001, (b) A =700, { = 0.02.
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Fig. 24. (a) Time history, (b) modulus of WT, (c) phase of WT, (d) three-dimensional plot of modulus of WT for { = 0.0001, 5, = 0,
{=01,2=132, Ng=—6n%,and z = 1.

the damping factor, the structural geometric nonlinearity overcomes the influence of relaxation, and the frequency
increases as shown in Fig. 23(Db).

Alternatively, we will use the continuous wavelet transform technique to present the time history records as a
two-dimensional function of time and frequency to reveal the wavelet modulus and phase. A wavelet is a function
W (t) € L2(R) with zero average. A family of time—frequency atoms is obtained by scaling i by s and translating it by t
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C: 0.1, A= 203.5, NO = —67[2, and z = 0.1.
(Mallat, 1999)
1 t—1
b0 =0 (7)W= 1. (26)

The wavelet transform (WT) of the signal w € L*(R) at time 7 and scale s is

Wiie.s) = (W.10,,) = /_ ” w(z)%lp* (’ - %) . @7
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The mother wavelet for the Morlet is given by the following function:
lp(z) — n71/4eiwo|t\ef\t\2/2' (28)

The modulus of the wavelet transform is defined as

W@ 9] =\ RelW (@, 5)) + Am[](z, 9], .

and the phase is

(30)

0(5.5) — tan-" (Im[W:/f(r, s)]> ‘

Re[ W:;(r, )]

The square of the modulus | Wl‘/f(r, 5)|? represents the energy density distribution of the signal over the time-scale plane,
(7,5). On the other hand, the phase measures the relative position of the signal and its analyzing wavelet. The graphical
representation of the WT modulus in time-scale plane is called scalogram. Fig. 24 shows the time history, scalogram,
and wavelet phase for fixed parameters A = 132, Ny = —6n?, and z = 1. The scalogram shown in Fig. 24(b) illustrates
a large spectrum of frequencies randomly distributed in time. According to Newland (1999a,b), the absolute
phase is not a useful indicator because it depends on wavelet location. However, the rate of change of phase with time in
the same frequency band is an interesting parameter because it is constant when the signal is harmonic of fixed
frequency and phase. Fig. 24(c) shows the projection of phase on the frequency—time plane and one can see the
evolution of phase with time does not maintain a constant value. A better visualization of time-frequency evolution of
the wavelet modulus is illustrated in the three-dimensional plot (Fig. 24(d)). Similarly, Fig. 25 shows the time history,
wavelet modulus and wavelet phase for fixed parameters A = 203.5, No = —6n%, and z = 0.1. The wavelet scalogram
shows a band of frequencies varying about a dominant component of w* = 20 dimensionless frequency. In addition,
intermittent higher frequency components randomly distributed in time are observed. Although the time history shows
a certain degree of repeatability, the motion is still chaotic. Compared to the Lyapunov exponent, the wavelet transform
is suitable for a short time domain analysis. However, the wavelet analysis cannot provide a quantitative tool to
measure chaos.

5. Conclusions

The nonlinear flutter of a two-dimensional panel exposed to supersonic gas flow involving six-mode interaction is
studied in the presence of nonideal boundary conditions. The deterministic study includes stability analysis in terms
of dynamic pressure, relaxation parameter, damping ratio, and in-plane loading. For in-plane loading below the critical
buckling value, the panel experiences LCO above a critical aerodynamic pressure governed by the relaxation parameter.
For compressive in-plane loads, the panel experiences periodic, quasi-periodic and chaotic oscillations, depending
on the values of dynamic pressure, relaxation parameter and damping ratios. Bifurcation diagrams of the first return
and the associated largest Lyapunov exponent are estimated by taking the dynamic pressure or the relaxation para-
meter or the in-plane loading as control parameters. The chaos regions represented by the largest positive Lyapunov
exponent were found to be reduced for a small relaxation parameter. The initial conditions were found to affect
the behavior of the panel flutter in the periodicity and symmetry of oscillations. The time—frequency analysis of the
panel flutter was estimated using the techniques of the spectrogram and the Morlet wavelet transform. The importance
of these transforms is to reveal the degree of nonstationarity of panel flutter in terms of frequency time variations and
nonlinear behavior.
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Appendix

This appendix gives the matrices of Eq. (14) and samples of their elements, namely:

[ 1 0 my3 0 ms 0]
0 1 0 my 0 mpg
m3; 0 1 0 m35 O 9
MO=1 0 me 0 1 0 mel] ™0 Imraateor
ms; 0 ms3 0 1 0
0 ms; 0 mgs O 1
[ by + Vi 0 Lhi + Cbis/a 0 {bis + bisv/a o]
0 Lboy + VA 0 Lbo + b3 /7 0 Lbos + Cbasv/2
Co Ly + L7 0 . Lhys + IV 0 o Chaa + Ebisv/2 0 ’
0 Chay + ChapN7 0 {has + LV 0 Chas + Lbasi/7
{bsi + Ebsav/Z 0 {bsy + Cbsan/2 0 {bss + VT 0
I 0 {ber + Cbeav/i 0 {bes + Lbosv/A 0 {bes + V7|
751 + 72(1 + 62(1))]
) =i 6:00)
[cnNo+cn  csd+cas  asNo+ce  crdi+eas  coNo+eno  cnd+an |
end+en  enNodcu  eshitexs  cNotcg  col+en  anNo+on
K — e31No + ¢3 C33:1+C34 e3sNo + ¢36 037:14-038 c39Ng + a1 0311:14-0312
cpitcepy  c3No+can  cash+cae  caNo+cas  Caol+caro canlNo + cann
csiNo+es2  esshdcesa essNo+ese  estidess esoNo+esi0 esiid+ osn
| Co1h T ce c3sNo+coa  cesh+ces  CcaNo+ces ool + Colo 0611No+0612_
16(26 + 97%z)
13 =

93 +m2(1 + 62))°

dy 0 diz 0 dis O
0 dyn 0 dy 0 dx
dyy 0 dz 0 dys O
0 dp 0 du 0 dg
dss 0 ds3 0 dss 0
0 doo 0 des 0 dgs

di(t) = %[—15 + 1072(1 4 3z(1)) + n*(1 + 10z(7) + 30z%(7))] By,
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eng g3 + eng 43 + esq14i + e1sq 43 + e1sq19; + e16q3qi + 179343 + eisq34;
14247 + 0423 + e3¢5 + 244245 + 256205 + €264447 + 274445 + €284443
. 19143 + enq 43 + enq 43 + eq 145 + 3541 4¢ + e36q3qT + e7q395 + exsd3di
teqi;) = e41G2q] + enr @i + ea3qaq; + easda i + easqrqi + easdaqt + €a19445 + easqaqi

es19193 + €20, 43 + €s34145 + esaq1 G2 + essq1qE + eseq3q7 + es793q3 + essq3q;

es19247 + €2d2q3 + €630245 + €6ad245 + €650a45 + Co6d4dT + €61d4d3 + Cosdad3
199342 + e11093q7 + e114s5q] + e112gs5q3 + e113qsq3 + ei1aqsqi + enisqsqi
200443 + €210944% + €2119647 + 2124695 + €21396493 + €2149545 + 215063
+e39q343 + 3109395 + 3119547 + €3124545 + €313¢5G3 + €31445q3 + €31545;
+e19q4q3 + €a109a9¢ + eanqeqi + eaqeq; + €a13qeqs + eaaqeds + ensqsqs |
+es9q3q3 + 5109303 + €s1195q7 + €s1245q3 + €s1345q3 + €s1aqsq3 + esisqsqz

+e00q4q3 + €6109497 + €6119647 + 6129643 + €6130643 + €6149647 + 615963

1

50 [—15 + 407%(1 + 3z(7)) + 162*(1 + 10z(r) + 30z%(1))]B1,

e(t) =

I 9244 + 129019296 + /13919395 + 114919496 + /1592934
In09295 + /029019344 + F 23919295 + f 24929395 + [ 25914445
F31919294 +F 2919296 + /33919395 + /34919496 + /35929394
S0919295 +/ 29019394 + 1 13919295 + S 14924395 + S 15919445
510192494 + f 52019246 + f 53919395 + f 54919496 + [ 55929344
S 61019295 +f 2919344 + [ 63919295 + [ 649249395 + [ 65914445
16929396 + /17929495 +f 18929596 19939496 + S 110949596
+/ 26929496 + 279349495 + 28919396 + [ 204939596 + /21091956
+/ 36929396 + /379249495 + [ 33929596 + [ 39939496 + /310449546
+/ 46929446 + [ 479349495 + [ 43919396 + [ 19939596 + [ 410919546
/569249346 + f 579249495 + [ 53929596 +f 5993946 +f 510949546
+f 66929446 + f 619349495 + 63919396 + [ 69939596 + S 61091956

V99,9 =

2p'0/na11
0

3py/2 1
fu@=-pez st ror={ P ae =5 (14 3+ 60)

5[70/37'(&55
0

The complete set of coefficients my;, by, ¢, djj, ey, f 5, and, a;; is given in Beloiu (2005).
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